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Abstract 

An analytical solution for free convection flow of an electrically conducting fluid in a vertical micro-porous-channel, 
in the existence of transversely applied magnetic-field and nonlinear Boussinesq approximation is carried out in this 
article. The governing equations representing stated objective are obtained and solved analytically using method of 
undetermiend coefficients and direct integration. Pictorial and tabularlar representions of solutions obtained are carried 
out, so as to ascertain the role of various governing parameters entering flow formation. During the course of numerical 
simulation of results, it is found that the volumetric flow rate increases with increase in Couette flow parameter, 
asymmetric heating parameter and suction/injection parameter but decreases with increase in nonlinear Boussinesq 
approximation parameter. 
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1. Introduction  

The free convection flow(also known as natural 
convection flow) is a mechanism of heat transfer in 
which flow formation is induced by density difference 
caused by temperature change. Over the years, this 
phenomneon has attracted significant application as 
cooling mechanism for nuclear plants, electronics and 
micro-chips. Some of the earliest works in the field are 
the works of Ostrach [1] and Sparrow and Gregg [2]. 
In these works, they studied the natural convection 
flow in between two vertical parallel plates with 
constant temperature and constant heat flux 
respectively. Since then different works had been 

carried-out for better understanding of this 
phenomenon. Aung [3] and Aung et al.[4] respectively 
examined the fully developed and developing natural 
convection flow in vertical flate plates with 
asymmetric heating. Gebhart et al. [5] offered 
extensive review on free-convection flow. 

Classifications of flow regime based on the work of 
Schaaf and Chambre [6] suggested that flows in macro-
channel are relatively different from those in micro-
channel. In view of this, Chen and Weng [7] extended 
the work of [3] by considering the role of velocity-slip 
as well as temperature jump on natural convection flow 
formation. They resolved that temperature jump 
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condition induced by the effects of rarefaction and 
-wall interaction plays an important role in slip-

Flow fromations with fluid 
injection/suction has significant importance in the 
design of aircrafts and stability of space-ships. Jha et 
al.[8] extended the work of [7] by incorperating fluid 
injection/suction. They found that that as 
suction/injection on the channel surfaces increases, the 
volume flow rate increases and the rate of heat transfer 
decreases. Other related articles on natural convection 
flow formations can be seen in ([9], [10], [11], [12]).  

Flow formations of electrically conducting fluid are 
often influence by Lorentz force due to the presence of 
magnetic field. This concept has been used over the 
years in power generation and design of 
magnetohydrodynamics (MHD) generators. Many 
works have been contributed in this research field. For 
instance, Jha et al. [13] examined the role of magnetic 
field on natural convection flow in a microchannel with 
suction/injection as an extension of [8] in the presence 
of tranversely applied magnetic field. Also, Jha and 
Oni [14]studied the impact of mode of application of 
magnetic field on rarefied gas in a microtube. Other 
rleated articles include ([15], [16]).  

The analysis of nonlinear Boussinesq approximation 
finds its relevance when the temperature difference 
between the channel walls is appreciably large. In order 
to capture a real-life scenario, the nonlinear Boussinesq 
approximation (NBA) are replaced with the linear 
Boussinesq approximation (LBA). Goren [17] was the 
earliest scientist to obtained the condition for using the 
NBA. Later, Vajravelu and Sastrit[18] analysed the 
free convection flow between two parallel vertical 
walls using the combined linear and quadratic density 
variation with temperature (NDT). They resolved that 
the presence of NDT leads to an increase in fluid 
temperature and velocity.  Recently, Jha and Oni ( [19], 
[20]) respectively examined the impact of NBA on 
mixed convection flow in macro vertical and inclined 
channels. They discovered that the role of NBA 
parameter is to increase reverse flow formation at the 
walls and fluid velocity.  
The novelty of the current work is the derivation of 
analytical solutions for  MHD natural convection flow 
in a vertical microchannel with suction/injection and 
nonlinear Boussinesq approximation. The current work 

is the generalization of[13] in the presence of nonlinear 
Boussinesq approximation and motion of the plate 

.  

Nomenclature 

0B     -      constant magnetic flux density 

“ ,p vC C  -   specific heatsat constant pressure and 
constant volume, respectively 

,t vf f    -   thermal and tangential momentum 
accommodation coefficients, respectively 
In     -      fluid wall interaction parameter 
Kn     -     Knudsen number 
  
m       -    volume flow rate  
Q       -     dimensionless volume flow rate 
M       -    Hartman number  
Nu     -     Nusselt number 
Pr      -     Prandtl number 
T       -     temperature of fluid 
U      -      dimensionless velocity 
    Greek letters 

      -     thermal diffusivity 
     -      thermal expansion coefficient  

,t v   -   dimensionless variables 
 -   Nonlinear Boussinesq approximation 

parameter (NBA) 

s     -        ratio ofspecific heats  
     -      dynamic viscosity  
      -     dimensionless temperature 
      -      wall ambient temperature difference ratio 
     -      density 
    -         electrical conductivity of the fliud 

Subscripts  
1       -      hotter wall values 
2       -      cooler wall values” 

2.Mathematical Problem  

Reconsider the work of Jha et. al[13]. The flow is 
caused by temperature difference at the microchannel 
walls. Fluid is injected from the wall  and then 
sucked out at the wall  for continuity to be 
satisfied. The microchannel plate  is assumed to 
be moving with impulsive velocity in the direction of 
flow formation as shown in Figure 1. All physical 
quantites described in this figure are well-defined in 
nomenclature. 



27 
Journal of Applied Sciences, Information and Computing                   Vol. 3, Issue 2, December -2022 
 

 

Figure 1: Schematic of flow formation 

As a result of Chen and Weng [7] and Jha et al.[13] by taking the report of the conducting fluid and rarefaction 
parameter. The governing equations for the transportation processes in dimensionless form in the presence of velocity 
slip and temperature jump under nonlinear Boussinesq approximation (NBA) are developed as follows. 

2
2 2

2 0d U dUS M U
dY dY

         (1)     

2

2 Pr 0d dS
dY dY

            (2)    

        The dimensionless quantities which are used in the above equtions are as follows:
 

xX
b

,
yY
b

,   0

1 0

T T
T T

,     
0

uU
U

,     
2 2

2 0B bM
pv

,      Pr v
, 

2
0 1 0

0

g T T b
U ,    

0V bS
v

  and   1
1 0

0

T T                                                         (3) 

The boundary conditions which express the velocity slip and temperature jump conditions at the fluid wall interface 
are as follows:   
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The dimensionless quantities for the boundary conditions are as follows: 
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Equations (1) and (2) subject to the boundary conditions (4) have the following exact solutions: 
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The important parameter for buoyancy induced micro-flow is the volumetric flow-rate Q . The dimensionless 
volumetric flow-rate is: 

1
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Substituting equation (6) into equation (7) we got 
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To obtain the skin friction on the micro channel vertical plates, we differentiated expression (6) with respect to  

as follows: 
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3. Results and Discussion 

An analytical solution for free convection flow of an 
electrically conducting fluid in a vertical micro-porous-
channel in the presence of transversely applied 
magnetic field and nonlinear Boussinesq 
approximation is carried out in this article. The closed-
form solutions obtained signifies that fluid 
temperature, velocity, skin-friction and volumetric 

flow rate are controlled by the Prandtl number , 
suction/injection parameter , wall ambient 
temperature difference ratio , Couette flow 
parameter  and nonlinear Boussinesq 
approximation . For proper understanding of the 
role of these parameters, graphs are plotted for fluid 
temperature and velocity, while tabular analysis are 
carried out for skin-frictions at the microchannel wall 
and volumetric flow rate in the microchannel.  
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                           Figure 2: Temperature distributions for different values of  and  

Figure 2 presents the temperature distributions as a function of Prandtl number and suction/injection parameter. From 
this figure, it is found that fluid temperature increases with increase  and injection parameter  regardless of the 
fluid considered. This could be attributed to the fact that, negative values of  signifies that fluid is being injected from 
the wall  and sucked out at , which inturns leads to decline in fluid temperature, regardless of the working 
fluid. A relook at this figure also indicates that the maximum temperature is achieved for water , and this 
could be attributed to the high viscosity of water, relative to air or oxygen.  

 

Figure 3: Temperature distributions for different values of  and . 

Figure 3 in similar trend establishes the combined effect of wall ambient temperature difference ratio and 
suction/injection parameter on fluid temeprature in the microchannel. This result shows an upward trend in fluid 
temperature as you proceed along the microchannel (  to ). Infact, it is found that that maximum temperature 
canbe achieved when fluid boundary conditions are asymmetric in nature. This could be attributed to the fact that 
temperature increases when both walls are heated symmetrically, or one wall is heated, while the other is kept at room 
temperature relative to the case , where the microchannel wall  is cooled.  

Figure 4 depicts velocity profile for different values of nonlinear Boussinesq approximation parameter and Couette 
flow parameter. It is obvious from this figure that fluid velocity increases in the presence of motion of the plate 

, relative to the static case  regardless of the value of . Also, it is observed that fluid velocity for 
LBA are greater than those of NBA. This finding demonstrated that fluid velocity could have been overestimated, if 
the NBA had not been put into consideration.  
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     Figure 4: Velocity profile for different values of nonlinear Boussinesq approximation parameter and Couetteflow 
parameter. 

Figure 5 portrays the velocity profile in the microchannel as a function of suction/injection parameter  and Couette 
flow parameter . It is detected from this figure that velocity increases with increase in suction and the presence of 
Couette flow . This could be explained from the fact that  implies the plate is moving in direction of flow 
formation, which then assist fluid velocity along this direction. Figure 6 explains the combined role of suction/injection 
parameter  and nonlinear Boussinesq approximation on velocity profile in the vertical mcrochannel. This figure 
clearly demonstrated that the role of NBA is to reduce fluid velocity, regarldess of the magnitude of suction/injection 
parameter.  

Figure 5: Velocity profile for different values of suction/injection parameter and Couette flow parameter. 
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Figure 6: Velocity profile for different values of suction/injection parameter and nonlinear Boussinesq 
approximation. 

Tables 1-3 compute the skin-friction at the microchannel walls functions of Couette flow parameter, suction/injection 
parameter and nonlinear Boussinesq approximation for purely asymmetric wall heating . It is found from Table 
1 that skin-frictions at both microchannel walls decreases in the presence of Couette flow parameter, but increases with 
increase in fluid injections. 

Table 2 on the other hand carried out the same analyis as that of Table 1 for symmetric heating of the wall 
. This analysis shows similar trend with that of Table 1, but with increase in skin-friction at the walls, which 

could be attributed to the symmetric nature of wall heating.  

Table 1: Shows the Skin friction 0 and 1 for different values of and S where 2M , 0.05vB kn ,

1.667In , Pr 0.71 at 0.  

 S  0 at 0C  0 at 1C  1 at 0C  1 at 1C  

0.0 1.0 0.1718 -2.1418 -0.2339 -0.4984 

 1.5 0.2012 -2.3576 -0.2287 -0.4253 

 2.0 0.2311 -2.5844 -0.2214 -0.3650 

0.5 1.0 -0.5213 -2.8350 -6.1593e-004 -0.2651 

 1.5 -0.1208 -2.6796 -0.2124 -0.4090 

 2.0 0.0601 -2.7554 -0.2698 -0.4134 

1.0 1.0 -1.2145 -3.5281 0.2327 -0.0319 

 1.5 -0.4428 -3.0016 -0.1960 -0.3926 

 2.0 -0.1109 -2.9263 -0.3181 -0.4617 

 

For the third case, Table 3 presents same analyis as those of Tables 1 and 2 for the case when that wall  is being 
cooled . The findings in this tables shows that this case has the least skin-frictions at both walls. This could 
be atributed to the retarded velocity caused by this phenomenon, which then decreases skin-frictions at both walls.   

Table 2: Skin friction 0 and 1 for different values of and S where 2M , 0.05vB kn  , 1.667In  , 

Pr 0.71 at 1.  
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 S  0 at 0C  0 at 1C  1 at 0C  1 at 1C  

0.0 1.0 0.3987 -1.9150 -0.3079 -0.5724 

 1.5 0.4194 -2.1394 -0.2856 -0.4822 

 2.0 0.4386 -2.3768 -0.2643 -0.4079 

0.5 1.0 0.5980 -1.7156 -0.4618 -0.7263 

 1.5 0.6292 -1.9297 -0.4284 -0.6250 

 2.0 0.6579 -2.1575 -0.3965 -0.5401 

1.0 1.0 0.7973 -1.5163 -0.6157 -0.8802 

 1.5 0.8389 -1.7200 -0.5712 -0.7678 

 2.0 0.8773 -1.9382 -0.5287 -0.6723 

 

Table 3: Skin friction 0 and 1 for different values of and S where 2M , 0.05vB kn  , 1.667In  , 

Pr 0.71 at 1. 

 S  0 at 0C  0 at 1C  1 at 0C  1 at 1C  

0.0 1.0 -0.0551 -2.3687 -0.1599 -0.4244 

 1.5 -0.0170 -2.5758 -0.1718 -0.3684 

 2.0 0.0235 -2.7919 -0.1785 -0.3221 

0.5 1.0 -2.9719 -5.2855 1.0870 0.8225 

 1.5 -1.4977 -4.0565 0.2082 0.0116 

 2.0 -0.9032 -3.7187 -0.0612 -0.2048 

1.0 1.0 -5.8888 -8.2024 2.3339 2.0694 

 1.5 -2.9784 -5.5373 0.5883 0.3917 

 2.0 -1.8299 -4.6454 0.0562 -0.0874 

 

Table 4 discusses the combined role of Couette flow parameter, suction/injection parameter and nonlinear Boussinesq 
approximation for different physical situations  on volumetric flow rate in the vertical microchannel. This 
table clearly explains that flow rate increases with increase in Couette flow parameter , asymmetric heating 
parameter  and and suction/injection parameter  but decreases with increase in nonlinear Boussinesq 
approximation parameter. Infact, the maximum flow rate is found for the case of symmetric heating. This could be 
credited to the saturation of heat in the entire microchannel, which inturns increases the amount of fluid passing through 
the microchannel.  

Table 4: Volume flow rate Q for different values of and S where 2M , 0.05vB kn , ln 1.667  and 

Pr 0.71 . 

 S  0  1 1 

Q  at 0C  Q  at 1C  Q  at 0C  Q  at 1C  Q  at 0C  Q  at 1C  
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0.0 1.0 0.0432 0.3377 0.0722 0.3667 0.0141 0.3086 

 1.5 0.0458 0.3131 0.0712 0.3385 0.0204 0.2877 

 2.0 0.0480 0.2900 0.0699 0.3118 0.0261 0.2681 

0.5 1.0 -0.0457 0.2488 0.1084 0.4029 -0.3914 -0.0969 

 1.5 0.0178 0.2850 0.1069 0.3741 -0.1477 0.1195 

 2.0 0.0422 0.2841 0.1048 0.3468 -0.0583 0.1836 

1.0 1.0 -0.1345 0.1600 0.1445 0.4390 -0.7969 -0.5024 

 1.5 -0.0102 0.2570 0.1425 0.4097 -0.3158 -0.0486 

 2.0 0.0363 0.2783 0.1398 0.3817 -0.1427 0.0992 

 
4. Conclusion 

Fluid temperature increases with increase in 
suction/injection parameter while velocity decreases. 
Fluid velocity is enhanced in the presence of Couette 
flow, but retarded in the existence of nonlinear 
Boussinesq approximation. -frictions at both walls 
increase as suction/injection parameter and degree of 

wall asymmetric parameter increase, but reduce as 
Couette flow parametelinear Boussinesq 
approximation increase. . Volumetric flow rate 
increases with increase in Couette flow parameter, 
asymmetric heating parameter and suction/injection 
parameter but decreases with increase in nonlinear 
Boussinesq approximation parameter. 
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