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Abstract

Hadamard product of holomorphic function is simply entry wise multiplication of two functions f and g in H.

The Hadamard products of two functions have one thing in common that is, it involves the origin. Irrespective of
the factors of the Hadamard product either power series or holomorphic functions, the open sets on which they
are examined contain the origin. The aim of this study, therefore, is to investigate on the properties of Hadamard
product for a class of holomorphic functions with an arbitrary fixed point. The concept of Hadamard product,
Cauchy-Schwartz, holomorphic functions, Ruscheweyh differential operators, and Nevanlinna’s theorem are
employed in this study. This study generalized the coefficient inequalities for starlike and convex functions of

exponential order ﬂ with an arbitrary fixed point using Ruscheweyh derivative. This study further provides an

additional inequality and Hadamard product for a class of holomorphic functions with an arbitrary fixed point. It
is concluded that Ruscheweyh derivative is an effective tool in the generalization of Hadamard product for a class
of holomorphic functions with an arbitrary fixed point.

Keywords: Hadamard product, Arbitrary fixed point, Cauchy-Schwartz, holomorphic function, Nevanlinna’s

theorems.
1. Introduction Holomorphic function implies that the function
Hadamard product has been dated back to 1899 is analytic at a point which consequently admits
by J.S Hadamard, (1899). Hadamard product of a power series representation [1,2,3,4,5,6,7].
holomorphic function is simply entry wise Hadamard product can also be defined as
multiplication of two functions f and g. Sy

(fi%,. . % f )z)= (z—a))+z a,, (z-w)".
The Hadamard products of two functions have 1 S
one thing in common that is, it involves the (M) ) ]
origin. Irrespective of the factors of the Let H, be the class of functions f (z)that 18
Hadamard product either power series or analytic in the unit disc. Let D := {z 2| < 1}
holomorphic functions, the open sets on which ) ,
they are examined contain the origin. normalized by f (O) =0Oand f (O) =1.
Holomorphic function is a complex function The Hadamard product of two functions

that is differentiable at all points of an open set,
i.e., analytic function or differentiable function.
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flz)=z+ iakzkandg(z) =z+ ibkzk
k=2 k=2
in H , is given as:

(f*g)(z)z z+ iakbkzk
;)
2

Acu and Owa (2005) examined on a subclass of
n — starlike functions. The subclass is related to
functions with positive real part and defined
classes of close to convex functions with the
usual normalization

/(@)= f'(@)-1=0Re(z-a)/ () f(z)
. Darus and Owa (2017) studied new subclasses

concerning some analytic and univalent
functions. They employed series expansion in

an open unit disk D. Some partial sums of
f (Z) and analytic functions are derived. Also

new subclasses of f° (Z)that are analytic and

univalent are obtained. Faisal and Darus (2017)
studied subclasses of analytic functions. They
employed new linear fractional differential
operator technique. Convolution properties of
some subclasses of functions and inclusion
relationships are established. Mustapha (2017)
considered characteristic properties of the new
subclasses of analytic functions. He used
Ruscheweyh Derivative method. The properties
of new subclasses of analytic functions and
several coefficient inequalities of subclasses of
analytic functions are derived. Oladipo (2015)
studied coefficient estimates for some families
of analytic univalent functions associated with
q — analogue of Dziok-Srivastava operator. He

employed Cauchy-Schwartz inequality
techniques. Several consequences of new
subclass of bi-univalent functions in the open
unit disk is derived.

Benjamin et. al.,

Nnadi (2012)]. Hadamard product or
coefficient inequalities are known for some
subclasses of functions, it is expedient to
determine the same for a large class of family.
However, this necessitates the study of
Hadamard product in this research work for a
large class of holomorphic function with
arbitrary fixed point and to determine the

coefficient inequalities of exponential order ,B

and also to improve on the bounds when the
class satisfy Hadamard product. This study
improved on [Oladipo (2015) & Ukeje and
Nnadi (2012)] by incorporating holomorphic

>0,z Suffiction of exponential order ﬂ .

2 Materials and Methods

In this paper, generalization of the coefficient
inequalities of a class of holomorphic functions
considered using Ruscheweyh Derivative,
generalized hypergeometric functions and the
convolution properties of a class of functions
with arbitrary fixed point.

3 Model Formulation

3.1 Lemma (3.1)

A function f (z) € A(a)) is contained in
S*(w, B) if and only if

i(k +ef - ZXr +d)a, <1-¢”
k:n 3)

where|z| =r<l and|a)| =d.
Extremal function denoted by

1-¢*

(- _ PR
Rel(z-0)f () /(2)> 5. z<E. S lemor o ) 2
4
In recent times, the study of geometric Proof
functions, convolution, and coefficient
inequalities has been studied by many Suppose the inequality in (48) holds, |z| <1 and
researchers due to its proper and efficient
analysis of function [Soko6t (2006) & Ukeje and |a)| =d. Then,
o k-1 2 k-1
|(z—a))f’(z)_1‘:‘zk_n(k_l)ak(z_w) ‘<Zk:n(1—l)(r+d) G )

/() 14X a-0) ' | 1+ (r+d) e,
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(z-0)f'(z)
/()
of the circle @ whose radius is 1—e” . For this

reason, f (Z) is within the class S” (a),eﬂ )

It implies that remains in the center

Conversely, suppose [ (Z) is defined by (49) is
within the class S (a), e’ ) Then,

! ® RS
RC[MJ - Re 1 + Zk;n kak (Z Cl)) eﬂ
f (Z ) 1+ Zk:” a, (z - a))k’l
(6)
For ze D. Pick a real number of z,which

(z-0)f'(z)
f(2)

Assuming that zapproaching 1~ equation (6)
yields

eﬂ(l+i(r+d)“akj < l+ik(r+d)k71ak (7)

k=2 k=2

implies that is a real number.

This completes the proof of Lemma 3.1

Lastly, the postulate of Lemma 3.1 is sharp with
the extremal of

=G0l 1 o @)

k+e —2Xr+d)k_l

JASIC Vol. 3, No. 1
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3.1.1 Theorem (3.1)

Let D" f (Z ) be a given function on j = 1,2 such

thatD"f(Z)E A(CU) is a subclass S*(a), eﬁ, n)
if and only if by

k=g
it follows that

il//m,n (k +hn+kn’ +e” - 2Xr +d)"a, <1-€"
k=q

©)

where
(m+n-1)!
= i (m-1)!

(10)
|z|:r<1and ‘w‘:d.
Proof

Let an(Z)E S*(a),eﬂ, n) with |Z| =r <1 and

‘CU‘ =d then
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o (k+kn+kn® ~1pl(m=1)a, (- o)

e-ofprr () ETOM Ve (s )

il . AT M _ )
D ( ) (z w)+kzz(;(m+n—1)! ak,j(z (0) (11)
oo Eolo G | Je-oloste)

anj(z) ‘ D"fj(z) .

IA

1)
zy/n m rn)akj(z a))k (13)

s

Since n(n—1)n—2)...2) +m(m—1)\m—2)..2>m(m—1\m-2)..2+(n-1\n—2)..2
It implies that

1 1
n(n—1)\n—2)..2) +m(m —1)\m—2)..2 - m(m—1)\m—2).2+(n-1)\n-2)..2 (14)

Equations (13)-(14) yield

o0

Z nl(m-1) ak,_/(r+d)k_l(k+kn+kn2—l)

2
2 m:n (m+n-1)! . S_(% +(ﬂ;)J as
nim-1) k-1
1+;l//n,m (m+n_1)|ak,/(r+d)

Substituting for ¥, , in equation (15) it yields

i%,m{k+kn+k"2 +%+@—l](r+d)klaw S—[%+ ('B’) ] (16)

k=q 2
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The result in equation (16) is sharp for the function given by Ruscheweyh derivative of order n, given

as

1-¢”
l//n,m(kn-l-k+kn2+eﬂ’—2

D'f (z)=(z-0)+ )(z—a))k (17)

3.2 Theorem (3.2)

Let f(Z) be a function f]- (Z) on j =1,2. Then, anj (Z)E A(a)) is a subclass Sc(a), eﬂ" , n) if and only
if

& (18)
Proof
Suppose that anj (Z) € Sc(a),eﬂ,n) then
.y [k(k—l)(nJrl)!(m—l)! a, j(za))“

o) el e y

D"f () 1+ ¥ Kanl(m-1)t)

ersje) +Zk2q[(m+” 1) =) (19)
Consequently,

Re| 14 (Z—w)(D”” f'j(Z))”J
D'f(z)
[ (e o
I+ Zr-q(m%j J(r +d)™

(20)

2

Equations (18) -(20) yield

JASIC Vol. 3, No. 1 58
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Rel 14 (z—a))(D"“fj’(z)) S zr:qk(k+kn —Oon+n2 +e” —kZer+d)k_lak,j < —(&4- (,32 )2]
(D”fj(z)) 1+zk:q‘//n,mk(r+d) Arj ! 2
21)

Simplifying equation (21) further it yields

ik(kﬂm —n+n’ +%+@—1](r+d)k_l a,, < —(%+@]{1+il//n,mk(’”+d)k_lak,jj

(22)

The extremal function is given below as

o)

l//,,,{k[k+knn+n2 1+[’611+(ﬂ;)2JH (23)

33 Theorem (3.3)

D' (2)= (o)

Let D"fj(z)e A(a)) be a subclass in S*(a),eﬂ,nl j= (1,...,m), ThenDn(f1 **fm)e S*(a),(S,n)

where

(ke + ken® +k—2)H';’=1(1 |

H:;(l—eﬂ/ )+ HTI(/CH-FMZ +k—2Xr+d)k71

o=1-

D"f(z)=(z-0)+ (kn » J(rlk_niﬁ;)eﬂ/ - 2)(2 ~o)

Proof

Following the techniques of [1]

Let D" fl(Z) belong to (a),eﬂ ' n) and D" f. ) (Z ) belong to (60,6’ n, n) Then, the inequality in

Theorem 3.1 implies that

Y ‘//n,m(k”f’“rkn2 +e —2Xr+d)k_1

2 7

k=q l-e

a,; <1
(24)

Following the application of Cauchy-Schwartz inequality it yields

JASIC Vol. 3, No. 1 59
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& [ Vi (k+k" +hn' +e” —ZXr +d)”
z \/[ 1= f1-e”) G i

k=q

2

© 2 B © 2 B
el S v, c+ kg + k;; +e 2)ak,1 5 v, (fc+ o + k;; +e 2)%2 1)
k=q e ) k=q (1 —e )

It implies that

oy, (et hn+kn® + A-2) o [y (bt hnshn® +e” 2k +kn+ kn® + " —2)
é i—2) 150y, Sé\/ (l—eﬁl XI—eﬁz) a1, ,

(26)

m<( (1-2) )\/(k+kn+kn2+eﬂl—2Xk+kn+kn2+eﬁ2—2)
Tk

+hkn+kn® +1-2 (1—e” fi-e”) @7

It follows that if D" ( fl * f ) )(Z ) belong to S’ (a), A, n) and the inequality yields

(l—eﬁj) k-1 .
< +d =12:k=q,g+1,g+2,...
a, \/(k+ N _2)('" ) (j 9.9 +1,q+2,.)

(28)
For this reason if
(1—€'B‘X1—eﬁ2)
(v ke’ e 2Nk +hn sk’ + e —2\rvd)
(1—/1) \/(k-i—kn—i-knz_l_eﬁl_2Xk+kn+kn2+eﬁ2 _2)
" (k+hn+kn® +2-1) (=i fi—e”) .

Because of this, we obtain

(k + kn + kn? +ﬂb—2)S (k+kn+kn® + e —2)k + kn + kn +e” —2)r +d )"
(1-2) U-c” fi-e”) (30)

Thus, if D" (fl * f, )(Z) belong to S*(a),;t,n) then

=L(k), (k=q,q+1,..)

1<1— (k+kn+kn2+ﬂ—2X1—€ﬂ‘X1—eﬂ2)
T (=t - ek e =1+ a) G1)

Hence, L(k ) is increasing for k>n, it then yields
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A=1- (g+gn+qn ~1fi-e" fi-e*)
(1—e” i—e” )+(g+gn+qn* +e” —2)g+qn+qn* +e” —2)r+d)* " 32)
Assume that D" (fl * f, )(Z) belong to S*(a),a,n)

where

i (k+kn+kn2—1)Hj;1(1—e’gf)
(r+d)k71H;11(l—eﬂ" Xq+qn+qn2 +e” —2)+H;11(1—eﬂ")’

It implies that if D" (fl * f, )(Z) belong to S*(a), 5,7’1)

Then,

e+ ko + k? —1)[ T (1-e” J1—e”)

o=1- k-1 m+1 B B k-1
(r+d) IIF{4k+kn+e1—2Xk+kn+e2—2Xr+d)

(33)

Therefore

v o)== Tt o o as

(r+d) " (k+kn+e” -2

This completes the proof of Theorem 3.3.

34 Theorem (3.4)

If D"fj(z)eSc(a),eﬂ,an:],m,m) subsequently D" (fl **fm )(z)eSc(a),/l,n)

where

(kn+k+kn2—n—1)H’]"1—[ﬁll+(ﬂ;)2J
A=1-

Vot (4 d) T o+ &+ ke _n_2)+H2¢]_[ﬂ1 L (8) ]

12

| 2 ( )k
i,um((kn+k+kn2 +e” —2)) e (35)
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Proof
For D" f j (Z ) belong to S c(a), e’ ,nx j=12,..., m)the inequalities yield
© k\k +kn +n* — A2 k\k +kn +n* — )
> an,m( (k+ fon -+ n W(l_em)if"_’ ,,,e(ﬁz() e nee ) o
(36)

It implies that Dn(fl * f) )(Z) belong to S*(Co,l,n) then

Following the Cauchy-Schwartz inequality it yields

2

i\/wn,m(k(k+kn+n2 +e’ —n—2))yn,m(k(k+kn+n2 +e” —n—2)le+a’)k_lak,1ak’2 <

(l—eﬁIXI—eﬂz) <1
< (rJral)"1lcfl[l//"””(l€(k+knJrn2 +el nz))]i['//n,m(k(k+kn+n2 +e” nz))}

i X -e) = (1=e”) 2 =1
37
Similarly, if G7)
ki[l//zm (k(k + k;(11+_ rj)+ A—n— 2))}1{’]%2
=
ey, ke kn sk 4P —n =2y, (ke + ko + kn* + e —n=2)(r +d) " a, a,,
kZ (1—¢” Ni-¢”) (38)

Such that

e | )

. +kn+n2+l—n—1))

>k\/l//n,m(k(k+kn+112 +eh —n—2))4/n,m(k(k+kn+n2 +e” —n—2)Xr+d)k_lak’lak,2

(1-e J1-e”)
1-2 V’f,mlil(k(“knwz v —n-2)r+d)”
)

J
liz//im(k(k+kn+n2+/1—n—2 Hj:l(l—eﬂf)

(39)

Then, equation (39) shows that D" ( fi*f, )(Z) belong to § *(60,/1,71) then

JASIC Vol. 3, No. 1 62
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2,7kk+kn+n2+eﬂ’ —n=2[r+d)"
[T

n,m

J*{ B A0 ]

(40)
Thus if
Hj=1(1_eﬂj)
V/'imszlk(k+kn+n2 +e —n—2X7’+d)k_1
{ 1-2 Wj,mf[(k(k+k"+n2+eﬂ"—n—2)Xr+d)k_l
< - =
_2kkkn2’1__l} 2 (1_eh
‘//n,m(( +hkn+n” + n )) Hj:](l e ) an
Hence,
2
(k(k+kn+n2+/1—n—2)) W’?”"H(k(k+kn+”2+eﬂ‘/—H—I)Xr+d)k’l
S 2 - k=g, q+1,..)
1-2 Hj=l(l_eﬂ])
(42)

Consequently, D" ( fl * f ) )(Z ) belong to \S (0), A, n), equation (42) becomes

k(k+kn+n2 —n—2X1—eﬂ‘ Xl—eﬂz)

/1=1_k(l—eﬂ‘XI—eﬂ2)+k(k+kn+n2—n+eﬂ‘ —2Xk+kn+nz—n-|—eﬁ2 —2Xr+d)k*l ’

k=q,q+1,...
(43)
Since equation (39) is an increasing function, it implies that k> ¢ which shows that D’ (fl * f 2 )(Z )
belong to S*((O, A,n)

Then

(q+qn+qn2 —n—l)H:;(l—eﬁf)

q" jzl(q““q”+qn2 +e” —n—2xr+d)k71 +Hj'1:+1](l—eﬂj)

A=1-
(44)

In the same vein, if D" (fl *...*me )(Z) belong to SC(CU, 5,”), then

(q +qn+qn’ —n —I)H:ill(l—eﬂ/ )

o= quT:(‘J+qn+Qn2 +e’ —n—2X?+d)k_l +H7=+11(1_eﬂ1)

(45)

This completes the proof of Theorem 3.4.
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35 Theorem (3.5)

0

Suppose f 4 and
H %ywakﬁ{€L+(2y]}ﬂ2}J{m,,ak [fl Oz)j:z—wJ*f&)
Then
H[al, a [ﬁl @Df(z)_(z_w)&zr,gan(z_w)ﬂ
where
| 2

[ = "L n-1)n-2

e,
Proof
Suppose

}{al,...,ak :—(ﬁ+ (8. j](z—a))

:(Z_a)) (al)()"'(ak)o + (az)l“'(ak)l (z—a))+...

—[/T Jﬁifl -(/f N ;)Zl

Satisfying the condition for Hadamard product and

H

1 2

Equations (37) and (39) yield

r = T%L (ﬂ;(;"j)]l (n-1fn-2). .2

JASIC Vol. 3, No. 1

e

Benjamin et. al.,

(46)

47

(48)

(49)

(50)

64



Hadamard Product of a Class of Holomorphic Functions... Benjamin et. al.,

which means that

{14

T = AN (n=1)fn-2).2 (51)

This completes the proof of Theorem 3.5

3.6 Theorem (3.6)

0 o0

Suppose f(Z) = (Z - w)"‘ e’ Z a, (Z - a))n and g(Z) = (Z - w)"‘ ean (Z - a))k are analytic in D
n=2 k=n

where |2 = 7 < land|@| = d

Given that f(2)< g(z)and g(z) belong to S° () then

la,|(r+d)" <1 (52)
Proof

Given that f < g(z)then f(z)= g(a(z)) and |o(z) < Isatistying f(z)< g(2)

Assume that g (Z )belong to § C(a)) if and only if f (Z)Z (Z —a))g '(Z)belong to the family of starlike
functions where @ is the arbitrary fixed point. Hence, following the applications of Nevanlinna’s

theorem on the starlike functions and the implications of subordination of f <g (Z )then
f(Z) = g(co(z)) and ‘(0(2)‘ <1 satisfying f(Z)S g(z).

Nevanlinna’s theorem and Durren’s subordination implications further yield

nb,|r+d)"™ =|na,|(r+d)"™ <n 53)
Equation (53) consequently yields
|an|(r+d)Sl (54)

This completes the proof 3.6.
4. Results and Discussion
Corollaries 4.1 to 4.4 are the consequences of Lemma 3.1 and Theorem 3.1

Corollary 4.1

Let f (Z) belong to A(a)) exist within the class S (a),eﬂ ) Then,

JASIC Vol. 3, No. 1 65
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5 < 1-e”
T ke —2)r )

k>2

where |a)| = d, the inequality in (55) remains true for f° (z) stated by (8)

Corollary 4.1.1

A function D" f; (z)e A(®)is in the class S (a),e/j ,Ol if and only if

i(k+eﬂf —ZXr-I-d)k_lak <1-¢”

k=p

@:dm:O

where ‘Z‘ =r<l,
Corollary 4.2
Let D”fj (Z)E A(a)) belong to the class S (CU, e/ ) n)

_ob
a, ;< Ime k22

J__wmAk+emW—2Xr+dY4,

where ‘Z‘ =r<],
Corollary 4.3
Suppose a function D" f (z) € A(a))is contained in S (a),eﬁ ,O), then

1—e”

akj<

Y ‘//o,m[k(kn—n+k+eﬁ~" —2X”'+d)kl]k22’l//0,m =1

where ‘Z‘ =r<l,and |a)| = d where

The equality in (58) is valid for functions given in (17)
This completes the consequences of Theorem 3.1.
The consequences of Theorem 3.2 are the following corollaries (3.4)-(3.7)

Corollary 4.4

@—inn:Zl“ j:LmJ)

1-¢”
Let fj(Z)—(Z_a))+ (n-l—eﬂj —ZXI”-I-d)H

and

JASIC Vol. 3, No. 1

a)‘ =d and the inequality in (57) is valid for functions given in (9)

Benjamin et. al.,

(55)

(56)

(57)

(58)

(59)
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1—e” . )
gj(z):(z—a))+(n(n+eﬂj —2Xr+d)k_1 J(z—a)) , (n =23,.. j =1,...,s) (60)

Corollary 4.5
Suppose a function D" f° (Z) € A(a))is contained in.S” (a), e’ ,0), then
B

l-e
s = v, oMkl —n+k+e” —2)r+d)|

(61)

where ‘Z‘ =r<l,and |a)| =d

The inequality holds for equation (17).

Corollary 4.6

Suppose a function D" f(z) € A(w)is contained in S”* (a), e’, n), then

1—-e”

akj<

Y l//,,,m[k(kn—n+k+eﬂf —2Xr+d)k_l] (62)

where|z| = r <l and the inequality holds for equation (17)
Corollary 4.7

Suppose a function D" f (z) € A(a))is contained in S (a),eﬁ ,0), then

By

< l-e
a;

R 1 Ay PR e R 1 “

where |z| =r <1 and the inequality holds for equation (23) when n =0.

This completes the consequences of Theorem 3.2.
The consequences to Theorem 3.3 are Corollaries (3.8) -(3.11)

Corollary 4.8

A function anj(Z) € A(a))is in the class S*(a),eﬂ,()l if and only if
Z(k+eﬂf —2Xr+d)k_1ak <l-¢”

o (64)

where ‘Z‘ =r<l, a)‘ =d,n=0
Corollary 4.9
Let anj (Z) € A(a))belong to the class S (a),eﬁ,n)

JASIC Vol. 3, No. 1 67
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1—e”

k>2

e Vo (k +el - 2Xr +d )k_l

Corollary 4.10

Given that

D"f, (Z)E A(a))contained inS*(a),eﬁf ,n)(j =1,...,r)and gj(z)e S*(a),e

D"(f, *.. . f \z)e S (w,y,n)

where

(-Di-e" J -] |
n(r+d)” (n+eﬂf 2)r(n+e ) a)s(l—eﬁf)rﬂj

Equation (66) is sharp for D" f (Z)( =l...,m ) given by

7/1':1_

n _ _ 1 - eﬂ _ k
e e 0
Corollary 4.11
Suppose a function D" f(z) e A(w)is contained in S (a), e’ ,O), then
D"(f,*.. .xf \z)eS" (w,7.,0)
where

1—e”

S A T RN T

Equation (68) is sharp for D”fj (Z) (] = 1,...,m) given by

D)= o) e

This completes the consequences of Theorem 3.3.
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j ,nX] :1,2,..,S) then

(66)

(67)

(68)

(69)

68



Hadamard Product of a Class of Holomorphic Functions...

5. Conclusion and Recommendations

This research work considered Hadamard
product of holomorphic functions with arbitrary
fixed point using Ruscheweyh derivative
operator on some connected domain. The result
obtained was validated with the existing results.
This study showed that Ruscheweyh derivative
is not a copied tool when the results of
Hadamard product and coefficient inequalities
are generalized. This research work also
provides additional proofs for a class of
holomorphic functions with arbitrary fixed
point.

This research work extended the classes of
univalent analytic functions studied by [12]
using Ruscheweyh derivative operator. Larger
classes of family are obtained. This study shows
that Ruscheweyh derivative is a veritable tool
when Hadamard product of holomorphic
functions with arbitrary fixed point are to be
generalized.

Also, this study extended the work of [15, 16]
by providing additional proofs for a class of
holomorphic functions with arbitrary fixed
argument and fixed point using the generalized
hypergeometric functions. This study shows
that generalized hypergeometric functions are
capable of transforming functions into Schwarz
function. Ruscheweyh derivative operator for a
generalized convex function and Starlike

functions of order exponential ﬂ , given that. @
is a fixed point is specified.

Lastly, Hadamard product between a subclass
of holomorphic functions with arbitrary fixed
point and argument can be generalized using
Ruscheweyh derivative.
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