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Abstract 
An extensive behaviourial study and analysis of disease transmission coefficient in a SEIRS epidemic model with disease 
induced death was carried out in this study. The simulation of the system of linear differential equations was obtained 
using an effective hybrid block method. The results obtained conforms with the objectives of study.  
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1.  Introduction  

Numerical solutions to mathematical models have been 
widely used to understand the spread and control of 
epidemic disease. The first formulated model was on 
smallpox and was introduced by Bernoulli (1760). In this 
paper, one of the hybrid block methods proposed by 
Ogunniran (2019) is used for the simulation of the SEIRS 
model to have an insight in the effect of saturation 
coefficient of the model. The model classifies individual 
as susceptible, exposed, infected and recovered. 
Kolawole & Olayiwola (2016), Kunniya and Nakata 
(2012), Atangana and France (2014) and Merdan et al. 
(2011) have studied numerous epidemiological models, 
while in Kolawole & Olayiwola (2016), Kunniya and 
Nakata (2012), Atangana and France (2014) and Merdan 
et al. (2011), Marwan et al. (2011) and Rafei et al. (200) 
numerical methods, including the VIM has been used for 
the simulation of some models. Recently in Olayiwola 
(2016a,b), the VIM was used to solve nonlinear 
differential equations that play vital roles in modeling 
and simulation. 

2.  Mathematical Model  

The system of equations that described the model 
modification of Kolawole and Olayiwola (2016) is 
given below:  

𝑑𝑆
𝑑𝑡

= 𝑁 −
𝛽𝑆𝐼

1 + 𝑚1𝑆 + 𝑚2𝐼
− 𝜇𝑆 + 𝛿𝑅 

 

𝑑𝐸
𝑑𝑡

=
𝛽𝑆𝐼

1 + 𝑚1𝑆 + 𝑚2𝐼
− (𝜇 + 𝜖)𝐸 

 

𝑑𝐼
𝑑𝑡

= 𝜖𝐸 − (𝜇 + 𝛾 + 𝑑)𝐼 

 

𝑑𝑅
𝑑𝑡

= 𝛾𝐼 − (𝜇 + 𝛿)𝑅

3. Model Solution and Simulation by the Hybrid 
Method 

The method for solving the problem in differential 
equation 

𝑑𝑢(𝑡)
𝑑𝑡

= 𝑓(𝑡, 𝑢), 𝑢(𝑥0) = 𝑢0        (3.1) 
and its related system  
𝑑𝑈(𝑡)

𝑑𝑡
= 𝑓(𝑡, 𝑈), 𝑈(𝑥0) = 𝑈0 (3.2) 

 where 𝑓(𝑡, 𝑢)  is continuous and 𝑗𝑡ℎ  differentiable, was 
derived by assuming a continuous approximant for 𝑢𝑛(𝑡) 
of a multi-step multi-derivative method of the form:  

 𝑢𝑛(𝑡) = 𝛼𝑛(𝑡)𝑦𝑛 +
∑𝑙

𝑖=1 ℎ𝑖(𝛽𝑖,0(𝑡)𝑓𝑛
(𝑖−1) + 𝛽𝑖,𝑣(𝑡)𝑓𝑛+𝑣

(𝑖−1) +
∑𝑘

𝑗=1 𝛽𝑗,𝑘(𝑡)𝑓𝑛+𝑗
(𝑖−1)) ≈ 𝑦(𝑡) (3.3) 

 where 𝑘  is the step number, 𝑙  is derivative order, 𝑣 ∈
(0, 𝑘) is an off-step point and 𝑗 is the derivative order of 
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𝑓(𝑡, 𝑦). However, the continuous coefficients 𝛽𝑖,𝑗(𝑡), 𝑖 =
0, 𝑣, 𝑘, 𝑗 = 1(1)𝑘 were determined. 

Ogunniran (2019) obtained approximation of the 
exact solution 𝑦(𝑡) by evaluating the function:  

 𝑢(𝑡) =
∑𝑟+𝑙𝑠−1

𝑗=0 𝑎𝑗𝑡𝑗 (3.4) 
 where 𝑎𝑗, (𝑗 = 0,1, . . . , 𝑟 + 𝑙𝑠 − 1)  are coefficients 
determined, 𝑡𝑗 are the basis functions of degree 𝑟 + 𝑙𝑠 − 1, 
𝑙 , 𝑟  and 𝑠  being the derivative order, interpolating and 
collocations points respectively. 

While ensuring that the function (3.3) 
corresponds with the analytical solution at the end point 𝑡𝑛, 
the following conditions were imposed on 𝑢(𝑡)  and its 
derivatives 𝑢(𝑘)(𝑡)  to get the coefficients of the desired 
methods:  

 
𝑢(𝑡𝑛+𝑗) = 𝑦𝑛+𝑗,   𝑗 = 0
𝑢′(𝑡𝑛+𝑗) = 𝑓𝑛+𝑗,   𝑗 ∈ [0, ⋯ , 𝑘]
𝑢′′(𝑡𝑛+𝑗) = 𝑓′𝑛+𝑗 = 𝑔𝑛+𝑗,   𝑗 ∈ [0, ⋯ , 𝑘]
𝑢′′′(𝑡𝑛+𝑗) = 𝑓′′𝑛+𝑗 = ℎ𝑛+𝑗,   𝑗 ∈ [0, ⋯ , 𝑘]
⋮
𝑢(𝑘)(𝑡𝑛+𝑗) = 𝑓𝑛+𝑗

(𝑘−1),   𝑗 ∈ [0, ⋯ , 𝑘] ⎭
⎪⎪
⎬

⎪⎪
⎫

 (3.5) 

 The coefficients obtained were substituted into (3.4) to 
obtain the continuous coefficients in (3.4) which were then 
evaluated at 𝑡𝑛+𝑘 to obtain the desired methods.  

 

Two-step, Second Derivative and One off-
step Method 

 Here 𝑘 = 2, 𝑙 = 2, and 𝑣 = 1
7 is the chosen off-

step point. 
The new approximation now becomes:  
 

𝑢(𝑥) = 𝛼𝑛(𝑥)𝑦𝑛 + ℎ(𝛽1,0(𝑥)𝑓𝑛 + 𝛽1,17
(𝑥)𝑓𝑛+1

7
+ 𝛽1,1(𝑥)𝑓𝑛+1 + 𝛽1,2(𝑥)𝑓𝑛+2)

+ℎ2(𝛽2,0(𝑥)𝑓𝑛 + 𝛽2,17
(𝑥)𝑔𝑛+1

7
+ 𝛽2,1(𝑥)𝑔𝑛+1 + 𝛽2,2(𝑥)𝑔𝑛+2)

(3.6) 
 where 𝑔(𝑥𝑛+𝑗) = 𝑓′(𝑥𝑛+𝑗) = 𝑢′′(𝑥𝑛+𝑗),   𝑗 = 0, ⋯ , 𝑘. 

Setting 𝑟 = 1  and 𝑠 = 4 , the interpolating 
function now becomes:  

 𝑢(𝑥) =
∑8

𝑗=0 𝑎𝑗𝑥𝑗. (3.7) 
 Obtaining the first and second derivatives, we have:  

 
𝑢′(𝑥) = ∑8

𝑗=1 𝑗𝑎𝑗𝑥𝑗−1

𝑢′′(𝑥) = ∑8
𝑗=2 𝑗(𝑗 − 1)𝑎𝑗𝑥𝑗−2. (3.8) 

 Imposing the following conditions as obtained from (6):  
 𝑢(𝑥𝑛+𝑗) = 𝑦𝑛+𝑗, 𝑗 = 0 (3.9) 
 𝑢′(𝑥𝑛+𝑗) = 𝑓𝑛+𝑗, 𝑗 = 0, 1

7 , 1,2. (3.10) 

 𝑢′′(𝑥𝑛+𝑗) = 𝑔𝑛+𝑗, 𝑗 = 0, 1
7 , 1,2. (3.11) 

 Thus, the required method is given in block method as:  

  

𝑦𝑛+2 = − 31ℎ2 𝑔𝑛+2
845 + 16ℎ2 𝑔𝑛+1

45 +
19208ℎ2 𝑔𝑛+1

7
7605 + 7

5 ℎ2 𝑔𝑛

+ 781ℎ 𝑓𝑛+2
2197 + 4

9 ℎ 𝑓𝑛+1 −
470596ℎ 𝑓𝑛+1

7
19773 + 25ℎ 𝑓𝑛 + 𝑦𝑛

𝑦𝑛+1
7

= − 15997ℎ2 𝑔𝑛+2
66805808160 − 33203ℎ2 𝑔𝑛+1

3557705760 −
516419ℎ2 𝑔𝑛+1

7
250417440 + 565619ℎ2 𝑔𝑛

395300640 +

+ 191117ℎ 𝑓𝑛+2
173695101216 + 9703ℎ 𝑓𝑛+1

304946208 +
3016667ℎ 𝑓𝑛+1

7
39862368 + 5308663ℎ 𝑓𝑛

79060128 + 𝑦𝑛

𝑦𝑛+1 = − 43ℎ2 𝑔𝑛+2
81120 − 197ℎ2 𝑔𝑛+1

4320 +
333739ℎ2 𝑔𝑛+1

7
730080 + 101ℎ2 𝑔𝑛

480 + 539ℎ 𝑓𝑛+2
210912 +

919ℎ 𝑓𝑛+1
2592 −

19176787ℎ 𝑓𝑛+1
7

5694624 + 385ℎ 𝑓𝑛
96 + 𝑦𝑛

⎭
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎫

 

 (3.12) 
 The application of (3.12) on the SEIR model (2.1), 
resulted into a system of non-linear algebraic equations 
whose solutions were obtained using the Newton Krylov’s 
formula.  
 
4. Numerical Results and Simulating Graphs 

In the implementation of the hybrid method, a system 
of nonlinear equations must be solved in order to obtain the 
desired approximation. To solve these nonlinear systems, a 
Newton-Krylov solver, nsoli.m or a modified Newton 
solver, nsold was used. It is worthy to note that the 
numerical simulation was programmed via MATLAB 9.2 
version on a personal computer with the following 
specifications: HP Pavilion x360 Convertible, Processor- 
Intel(R) Core(TM) i3-7100U CPU @ 2.40GHz, Installed 
memory (RAM)- 8.00GB, System Type- 64-bits Operating 
System, x64-based processor, Operating system- Windows 
10. Moreso, computational experiments were done with 
software optimization and only the points of emphases are 
shown. The table below shows the definitions and values 
of parameters used with their sources. 

Table  1: Table of Parameters 
Parameter Definition Value 

 𝑆0(𝑡) Susceptible start value 15 

𝐸0(𝑡) Exposed start value 10 

𝐼0(𝑡) Infected start value 13 

𝑅0(𝑡) Recovery start value 11 
𝑑 Disease induced death  
𝜖  0.25 
𝜇 Mortality or death rate 0.3 
Λ Birth rate 49 
𝛾 Rate of immunity loss 0.1 
𝛽 Disease transmission coefficient varied 

𝑚1 Saturation term for susceptible 
individual 

0.1 

𝑚2 Saturation term for infected 
individual 

0.2 

 
The numerical results obtained are presented in 

graphs and they are s described below: 
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Figure  1: SEIR Simulation Graph at 𝛽 = 1.0 

  
Figure  2: SEIR Simulation Graph at 𝛽 = 0.75 

   
 

  
Figure  3: SEIR Simulation Graph at 𝛽 = 0.5 

   

 

  
Figure  4: SEIR Simulation Graph at 𝛽 = 0.35 

   
 

  
Figure  5: SEIR Simulation Graph at 𝛽 = 0.001 

   
 

5.  Discussion of Results and Conclusion 

Figure 1 displays the simulating result when β=1.0, 
the exposed class increases with infected class, 
while the susceptible and recovered class were at 
least. Figure 2 shows the simulation at β=0.75 and 
it was observed that the exposed class is also on the 
increase. However, figures 3-5 reveals drastic 
changes in susceptible class. It is therefore 
concluded that the lower the value of β, the better 
the stability of the disease-free equilibrium. It is 
therefore concluded that in the presence of a 
permanent immunity, β plays a vital role in disease 
eradication.  
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